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Abstract. Let A be a commutative monoid, written additively. For a finite set S, define

FA(S) = AS

and let a map u : S → T act by summation along the fibers:

(FA(u)(f))(t) =
∑

u(s)=t

f(s).

This is the restriction to FinSet of the usual functor on Set of finitely supported A-valued functions. In this

note we compute the level of FA with respect to the cardinality filtration of FinSet, and we classify all natural
transformations FA ⇒ FB . The central point is that FA is 3-coskeletal. As a consequence, natural transformations

into FB are forced by arities 1, 2, and 3, and are classified by functions

p : A×A → B

satisfying

p(0A, c) = 0B , p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

We also explain how this description recovers the concrete examples in Kori–Watanabe and yields new examples
outside the singly generated case.

Reading guide. Black text contains the main narrative: definitions, statements, and proof sketches. Dark blue
passages are worth reading at least once: they contain conceptual examples, proof structure, and comparisons with
the literature. Light blue passages are the safest to skip on a first pass: they contain longer coordinate computations,
routine verifications, and bibliographic side remarks. To display only black text, replace \showsupplementtrue by
\showsupplementfalse in the preamble. To display black text together with the darker blue passages but hide the
lighter blue calculations, keep \showsupplementtrue and replace \showfineprinttrue by \showfineprintfalse.
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1. Introduction

Let A be a commutative monoid. On the category of sets, one has the finitary functor

F̃A(X) = {f : X → A | supp(f) is finite}, supp(f) = {x ∈ X | f(x) ̸= 0A}.

Since F̃A is finitary, it is recovered from its restriction to FinSet; see for example [Adá+15]. Accordingly, throughout
the paper we work with the restricted functor

FA : FinSet → Set.

There are two themes in this note. The first is the cardinality filtration

FinSet≤n ↪→ FinSet,

and the associated notions of n-skeletal and n-coskeletal objects in [FinSet,Set]. The second is the explicit
description of natural transformations

FA ⇒ FB .

The link between the two is that FB turns out to be 3-coskeletal, so every natural transformation into FB is
controlled by what happens on sets of size at most three.

This viewpoint is particularly convenient when compared with the recent preprint of Kori–Watanabe [KW25].
Their Definition 5 introduces the same family of functors FA, Example 6 identifies the multiset and finite powerset
functors inside this family, Proposition 2 shows that any natural transformation FA ⇒ FB is determined by its
component at the 2-point set, Theorem 1 in §4.1 computes several singly generated cases explicitly, and Examples 7–
8 work out the multiset and finite-powerset cases in detail. We shall recover those examples from a single formula
for p(a, c) and then use the same formula to produce examples beyond the singly generated setting.

2. The functor FA

2.1. Definition and the filtration.
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Definition 2.1.1. Let A be a commutative monoid. Define a functor

FA : FinSet → Set

by

FA(S) = AS

on objects, and for a map u : S → T define

(FA(u)(f))(t) =
∑

u(s)=t

f(s)

for f ∈ AS and t ∈ T .

Notation 2.1.2. For n ≥ 0, let

jn : FinSet≤n ↪→ FinSet

be the full inclusion. For a functor H : FinSet → Set, define

skn H := Lanjn(j
∗
nH), coskn H := Ranjn(j

∗
nH).

Pointwise, one has

(skn H)(X) ∼= colim
(u:S→X)∈(jn↓X)

H(S),

and

(coskn H)(X) ∼= lim
(u:X→S)∈(X↓jn)

H(S).

Remark 2.1.3. If X is a finite set, an element of (cosk3 FA)(X) is concretely a compatible family

(λu)u:X→S, |S|≤3, λu ∈ AS ,

compatible under postcomposition. Intuitively, this means that for every way of cutting X into at most three pieces,
we are given the sums on those pieces, and these sums agree whenever one partition is obtained from another by
merging pieces.

2.2. The level of FA. We now spell out the previous remark in concrete pictures.

Example 2.2.1 (Three basic incarnations). The same formula produces several familiar functors.

(1) If A = (N,+, 0), then FA(X) is the set of finite multisets on X.
(2) If A = (B,∨, 0), then FA(X) is the set of finite subsets of X.
(3) If A = (R≥0,+, 0), then FA(X) is the set of finitely supported nonnegative weights on X.

In each case, a map u : X → Y pushes a finitely supported function forward by summing along the fibers.

Example 2.2.2. Let X = {1, 2, 3, 4} and let T = {1, 4}. The map

χT : X → 2

remembers only the decomposition of X into the two parts T and X \T . If f ∈ FA(X) = AX corresponds to values
a1, a2, a3, a4 ∈ A, then

FA(χT )(f) = (a1 + a4, a2 + a3).

Thus a 2-partition only records subset sums.



4 RYUYA HORA

T X \ T

1 2χT : X → 2

Figure 1. A map X → 2 remembers a subset and its complement.

Example 2.2.3. Fix x ∈ T ⊆ X. The map

u : X → 3

with fibers

{x}, T \ {x}, X \ T
refines the previous 2-partition by separating one point from the rest of T . If f ∈ AX corresponds to (ay)y∈X , then

FA(u)(f) =

ax,
∑

y∈T\{x}

ay,
∑

y∈X\T

ay

 .

This is exactly the configuration used in the proof of 3-coskeletality.

{x} T \ {x} X \ T

1 2 3u : X → 3

Figure 2. A 3-partition isolates one point and forces additivity on subsets.

X

2 3 2

χ{x}
u

χT

r1 m

Figure 3. A single 3-partition simultaneously controls the singleton value µ({x}) and the subset
value µ(T ).
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Example 2.2.4 (A fully worked 4-point family). Let X = {1, 2, 3, 4} and choose values

a1, a2, a3, a4 ∈ A.

If a compatible family in (cosk3 FA)(X) comes from these singleton values, then its values on the following maps
are forced:

λχ{1,4} = (a1 + a4, a2 + a3),

λχ{1,2,4} = (a1 + a2 + a4, a3),

and for the map u : X → 3 with fibers {1, 4}, {2}, {3} one must have

λu = (a1 + a4, a2, a3).

Thus the compatible family is not extra data: it is exactly the family of all finite fiber-sums determined by (ax)x∈X .

{1} : a1 {2} : a2 {3} : a3 {4} : a4

{1, 4} : a1 + a4 {2} : a2 {3} : a3

{1, 2, 4} : a1 + a2 + a4 {3} : a3

X : a1 + a2 + a3 + a4

Figure 4. A compatible family is obtained by repeatedly merging pieces and summing their labels.

Proposition 2.2.5. For every commutative monoid A, the functor FA is 3-coskeletal.

Proof. The proof has two conceptual steps. First, a compatible family over all maps X → S with |S| ≤ 3 determines
singleton labels

ax ∈ A (x ∈ X),

and a 3-partition
{x} ⊔ (T \ {x}) ⊔ (X \ T )

forces every subset value µ(T ) to be the sum of the corresponding singleton labels. Second, once these subset sums
are known, the value on every map u : X → S with |S| ≤ 3 is forced, so the family is exactly the image of the
function x 7→ ax.

Let X be a finite set and let (λu) be a compatible family defining an element of (cosk3 FA)(X). For each subset
T ⊆ X, let

χT : X → 2
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be the characteristic map and let µ(T ) be the first coordinate of λχT
. For each x ∈ X, set

ax := µ({x}).
The key point is that a 3-partition

{x} ⊔ (T \ {x}) ⊔ (X \ T )
forces the recursion

µ(T ) = ax + µ(T \ {x}).
Hence one obtains

µ(T ) =
∑
x∈T

ax

for every subset T ⊆ X. Now define f ∈ AX by f(x) = ax. If u : X → 3 has fibers T1, T2, T3, then compatibility
with the three maps 3 → 2 isolating one fiber at a time forces

λu =

(∑
x∈T1

ax,
∑
x∈T2

ax,
∑
x∈T3

ax

)
= FA(u)(f).

The same argument works for maps X → 2 and X → 1, so the whole compatible family is induced by f . Singleton
characteristic maps recover each ax, so the induced f is unique.

If |X| ≤ 3, then the identity X → X is an initial object of (X ↓ j3), so the canonical map

FA(X) → (cosk3 FA)(X)

is automatically a bijection. Thus we may assume |X| > 3.
Let (λu) be an element of (cosk3 FA)(X). Thus for each map

u : X → S, |S| ≤ 3,

we are given an element λu ∈ AS , and these are compatible under postcomposition.
For each subset T ⊆ X, let

χT : X → 2

be the characteristic map with χ−1
T (1) = T . Write

µ(T ) = the first coordinate of λχT ∈ A2.

For each x ∈ X, define

ax := µ({x}).
We claim that for every subset T ⊆ X,

µ(T ) =
∑
x∈T

ax.

We prove this by induction on |T |.
If T = ∅, then χ∅ factors as

X → 1
i2−→ 2,

where i2 lands in the second point. In other words,

X 1

2

χ∅
i2

Hence

λχ∅ = FA(i2)(λX→1),

so its first coordinate is 0A. Therefore µ(∅) = 0A.
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If |T | = 1, this is the definition of ax.
Assume now that |T | ≥ 2, and choose x ∈ T . Let

u : X → 3

be the map whose fibers are

{x}, T \ {x}, X \ T.
Write

λu = (b1, b2, b3) ∈ A3.

Let r1, r2,m : 3 → 2 be defined by

r−1
1 (1) = {1}, r−1

2 (1) = {2}, m−1(1) = {1, 2}.

Then

r1 ◦ u = χ{x}, r2 ◦ u = χT\{x}, m ◦ u = χT .

By compatibility, the three triangles

X

2 3 2

χ{x}
u

χT

r1 m

X

2 3 2

χT\{x}
u

χT

r2 m

yield

FA(r1)(b1, b2, b3) = λχ{x} , FA(r2)(b1, b2, b3) = λχT\{x} , FA(m)(b1, b2, b3) = λχT .

Taking first coordinates gives

b1 = µ({x}) = ax, b2 = µ(T \ {x}), b1 + b2 = µ(T ).

Therefore

µ(T ) = ax + µ(T \ {x}).
By the induction hypothesis,

µ(T ) = ax +
∑

y∈T\{x}

ay =
∑
y∈T

ay.

This proves the claim.
Now let f ∈ AX be the function defined by

f(x) = ax.

We show that the compatible family (λu) is exactly the image of f under the canonical map

FA(X) → (cosk3 FA)(X).

If u : X → 3 has fibers

T1 = u−1(1), T2 = u−1(2), T3 = u−1(3),

and if

λu = (c1, c2, c3),

then for each i = 1, 2, 3 let ri : 3 → 2 be the map sending i to 1 and the other two points to 2. Since ri ◦ u = χTi , each i fits
into a triangle

X

2 3

χTi u

ri

and compatibility gives

FA(ri)(c1, c2, c3) = λχTi
.
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Taking first coordinates yields

ci = µ(Ti) =
∑
x∈Ti

ax.

Hence

λu =

(∑
x∈T1

ax,
∑
x∈T2

ax,
∑
x∈T3

ax

)
= FA(u)(f).

The same argument works for maps X → 2 and for the unique map X → 1. Therefore (λu) is induced by f .
Uniqueness is immediate because the characteristic maps of singletons recover each ax. Thus the canonical map

FA(X) → (cosk3 FA)(X)

is a bijection for every finite set X.

□

Corollary 2.2.6. Let B be a commutative monoid and let H : FinSet → Set be any functor. Then restriction
along j3 induces a bijection

Nat(H,FB) ∼= Nat(j∗3H, j∗3FB).

In particular, every natural transformation into FB is determined by its components on sets of size at most 3.

Proof. By theorem 2.2.5, the functor FB is 3-coskeletal, so

FB
∼= cosk3(j

∗
3FB).

Since j∗3 has right adjoint cosk3, we obtain

Nat(H,FB) ∼= Nat(H, cosk3(j
∗
3FB)) ∼= Nat(j∗3H, j∗3FB). □

Remark 2.2.7. If A is nontrivial, then FA is not n-skeletal for any finite n, and it is not 2-coskeletal. These two
statements are useful for orientation, but they are not needed for the classification of natural transformations. We
therefore move their proofs to Section B.

2.3. A finite-codensity viewpoint. This subsection is supplementary. It records a codensity-style way of reading
the construction.

There is a useful way to read the construction of the coskeleton itself. The truncation functor

j∗3 : [FinSet,Set] → [FinSet≤3,Set]

has right adjoint cosk3 = Ranj3 j
∗
3 , so cosk3 is the right-Kan-extension monad generated by restricting to arities

≤ 3. In this sense, the proof above is a finite-arity analogue of the codensity philosophy: instead of completing sets
by all finite tests, we complete finitary functors by all tests of arity at most 3. Compare this with the theorem of
Kennison–Gildenhuys, emphasized by Leinster, that the codensity monad of the inclusion

J : FinSet ↪→ Set

is the ultrafilter monad [Lei13].

[FinSet,Set] [FinSet≤3,Set]
j∗3

⊣cosk3=Ranj3
j∗3

Figure 5. The 3-coskeleton as a right Kan extension from small arities.



LEVELS AND NATURAL TRANSFORMATIONS OF THE FUNCTOR FA 9

Remark 2.3.1. The analogy with the ultrafilter monad should not be overstated: Leinster’s theorem concerns the
codensity monad RanJ J on Set, whereas here we are working with the induced monad Ranj3 j

∗
3 on the object-

classifier topos [FinSet,Set]. Still, both are instances of the same general principle: sufficiently many finite tests
can force global structure.

3. Natural transformations

3.1. An additive identity.

Lemma 3.1.1. Let A and B be commutative monoids, and let

p : A×A → B

be a function satisfying

p(0A, c) = 0B , p(a+ b, c) = p(a, b+ c) + p(b, a+ c)

for all a, b, c ∈ A. Then for every finite family a1, . . . , an ∈ A and every c ∈ A,

p(a1 + · · ·+ an, c) =

n∑
i=1

p

ai, c+
∑
j ̸=i

aj

 .

Proof. We argue by induction on n. If n = 0, the statement is p(0A, c) = 0B . Assume the statement holds for n.
Then

p(a1 + · · ·+ an + an+1, c) = p(a1 + · · ·+ an, c+ an+1) + p(an+1, c+ a1 + · · ·+ an).

Applying the induction hypothesis to the first term gives the desired formula for n+ 1. □

3.2. Classification theorem.

Theorem 3.2.1. Let A and B be commutative monoids. Then natural transformations

η : FA ⇒ FB

are in bijection with functions

p : A×A → B

satisfying

p(0A, c) = 0B , p(a+ b, c) = p(a, b+ c) + p(b, a+ c)

for all a, b, c ∈ A.
The correspondence is given as follows.

(1) Given a natural transformation η, define

pη(a, b) =
(
η2(a, b)

)
(1).

(2) Given a function p satisfying the two identities above, define

ηpX : AX → BX

by

(ηpX(f))(x) = p

f(x),
∑
y ̸=x

f(y)

 .

These two constructions are inverse to each other.
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Proof. The proof follows the same low-arity pattern as the preceding section. The component on the 2-point set
produces the binary datum p(a, b). The component on the 3-point set forces exactly the cocycle identity

p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

Conversely, this cocycle identity is precisely what is needed to prove naturality via theorem 3.1.1.

The low-arity part can be summarized explicitly. If

p(a, b) :=
(
η2(a, b)

)
(1),

then naturality with respect to the transposition of 2 gives

η2(a, b) =
(
p(a, b), p(b, a)

)
.

A2 B2

A2 B2

η2

FA(τ) FB(τ)

η2

Figure 6. The transposition of 2 exchanges the two coordinates, hence forces symmetry of the
two outputs of η2.

Next, if
η3(a, b, c) = (u, v, w),

then the three maps 3 → 2 isolating one point at a time force

η3(a, b, c) =
(
p(a, b+ c), p(b, a+ c), p(c, a+ b)

)
.

A3 B3

A2 B2

η3

FA(ri) FB(ri)

η2

Figure 7. For i = 1, 2, 3, the map ri : 3 → 2 isolates one fiber of a 3-partition. These three
naturality squares determine the three coordinates of η3(a, b, c).

Finally, composing with the fold m : 3 → 2 that merges the first two points yields the cocycle identity

p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

Conversely, if a function p satisfies this identity, then naturality of the formula

(ηpX(f))(x) = p

f(x),
∑
y ̸=x

f(y)


is reduced by theorem 3.1.1 to summing the contributions from a single fiber u−1(y).
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A3 B3

A2 B2

η3

FA(m) FB(m)

η2

Figure 8. Merging the first two points of 3 into one point of 2 produces exactly the relation on p(a, c).

Let η : FA ⇒ FB be a natural transformation, and define

p(a, b) := pη(a, b) =
(
η2(a, b)

)
(1).

Step 1: the component on 2 Let τ : 2 → 2 be the transposition. Naturality with respect to τ gives the commutative
square

A2 B2

A2 B2

η2

FA(τ) FB(τ)

η2

and hence

η2(a, b) =
(
p(a, b), p(b, a)

)
.

Now let i2 : 1 → 2 be the injection landing in the second point. Since

FA(i2)(c) = (0A, c), FB(i2)(d) = (0B , d),

naturality gives the square

A B

A2 B2

η1

FA(i2) FB(i2)

η2

and therefore

η2(0A, c) = FB(i2)(η1(c)) = (0B , η1(c)).

Comparing the first coordinates, we obtain

p(0A, c) = 0B .

Comparing the second coordinates, we obtain

η1(c) = p(c, 0A).

Step 2: the component on 3 Write

η3(a, b, c) = (u, v, w) ∈ B3.

Let r1, r2, r3 : 3 → 2 be the maps isolating the first, second, and third points:

r−1
1 (1) = {1}, r−1

2 (1) = {2}, r−1
3 (1) = {3}.

Then

FA(r1)(a, b, c) = (a, b+ c), FA(r2)(a, b, c) = (b, a+ c), FA(r3)(a, b, c) = (c, a+ b).
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For each i = 1, 2, 3 there is a naturality square

A3 B3

A2 B2

η3

FA(ri) FB(ri)

η2

so in particular

FB(r1)(u, v, w) = η2(a, b+ c), FB(r2)(u, v, w) = η2(b, a+ c), FB(r3)(u, v, w) = η2(c, a+ b).

Taking first coordinates gives

u = p(a, b+ c), v = p(b, a+ c), w = p(c, a+ b).

Therefore

η3(a, b, c) =
(
p(a, b+ c), p(b, a+ c), p(c, a+ b)

)
.

Step 3: the relation on p Let m : 3 → 2 be the map with fibers

m−1(1) = {1, 2}, m−1(2) = {3}.

Then

FA(m)(a, b, c) = (a+ b, c), FB(m)(u, v, w) = (u+ v, w).

Naturality gives the square

A3 B3

A2 B2

η3

FA(m) FB(m)

η2

and therefore

η2(a+ b, c) = FB(m)(η3(a, b, c)).

Comparing the first coordinates yields

p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

Thus every natural transformation yields a function p satisfying the required identities.

Step 4: construction from p Conversely, suppose that

p : A×A → B

satisfies

p(0A, c) = 0B , p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

Define

ηp
X(f)(x) := p

f(x),
∑
y ̸=x

f(y)

 .

We prove that ηp is natural. For a map u : X → Y the target statement is the commutativity of

AX BX

AY BY

η
p
X

FA(u) FB(u)

η
p
Y
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Let f ∈ AX , and let y ∈ Y . Write

S = u−1(y), c =
∑
z/∈S

f(z).

Then

(FB(u)(η
p
X(f)))(y) =

∑
x∈S

p

f(x), c+
∑
x′∈S
x′ ̸=x

f(x′)

 .

By theorem 3.1.1, this is equal to

p

(∑
x∈S

f(x), c

)
.

On the other hand,

(FA(u)(f))(y) =
∑
x∈S

f(x),
∑
y′ ̸=y

(FA(u)(f))(y
′) =

∑
z/∈S

f(z) = c.

Hence

(FB(u)(η
p
X(f)))(y) = (ηp

Y (FA(u)(f)))(y).

So ηp is natural.

Step 5: the two constructions are inverse If we start with p, then

ηp
2(a, b) =

(
p(a, b), p(b, a)

)
,

so pηp(a, b) = p(a, b). Conversely, if we start with η, then for any finite X, any f ∈ AX , and any x ∈ X, the characteristic
map

χ{x} : X → 2

gives

FA(χ{x})(f) =

f(x),
∑
y ̸=x

f(y)

 .

Naturality is the commutative square

AX BX

A2 B2

ηX

FA(χ{x}) FB(χ{x})

η2

hence

FB(χ{x})(ηX(f)) = η2

f(x),
∑
y ̸=x

f(y)

 .

Taking the first coordinate, we obtain

(ηX(f))(x) = pη

f(x),
∑
y ̸=x

f(y)

 = (η
pη
X (f))(x).

Hence η = ηpη .

□
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Remark 3.2.2. The theorem shows that the 2-point set contributes the binary datum p(a, c), while the 3-point set
contributes exactly the cocycle identity

p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

By theorem 2.2.6, nothing new appears in higher arity.

3.3. Cocycles, fibres of addition, and a coKleisli category. This subsection is supplementary. It explains
why the relation on p(a, c) deserves to be called a cocycle identity and packages the resulting morphisms into an
explicit coKleisli category.

The second variable c should be read as context or complementary summand. The more geometric parameter is
the total

t = a+ c.

Thus p(a, c) assigns a value to a decomposition of a total element t into two pieces. The identity

p(a+ b, c) = p(a, b+ c) + p(b, a+ c)

says that if one refines the first piece a+ b into two summands a and b, then the value on the coarse decomposition
is the sum of the two values on the refined decompositions.

(a+ b, c)

(a, b+ c) (b, a+ c)

refine refinesame total a+ b+ c

Figure 9. One total element a+ b+ c can be decomposed either coarsely as (a+ b, c) or finely as
(a, b+ c) and (b, a+ c). The cocycle identity says that the value on the coarse decomposition is the
sum of the values on the refinement.

So the relation is best viewed as a fibrewise additivity law over the addition map

+ : A×A → A.

On the fibre over a total element t, the cocycle records how values behave under refinement of a decomposition of t.

Remark 3.3.1 (Why “cocycle”?). If A and B are abelian groups and p extends to the group completions, then one
can reparameterize by the total:

zt(a) := p(a, t− a).

The cocycle identity becomes
zt(a+ b) = zt(a) + zt(b).

So for each fixed total t, the function zt : A → B is a normalized 1-cocycle for the trivial action, equivalently a
group homomorphism. In this sense, the identity on p(a, c) really is a family of ordinary cocycle equations, one on
each fibre of the addition map.

Definition 3.3.2. For a commutative monoid A, let Q(A) be the commutative monoid presented by generators

[a | c] (a, c ∈ A)

subject to the relations
[0A | c] = 0, [a+ b | c] = [a | b+ c] + [b | a+ c] .
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For a homomorphism f : A → A′, define

Q(f)
(
[a | c]

)
:= [f(a) | f(c)] .

Proposition 3.3.3. For commutative monoids A and B, there is a natural bijection

CMon(Q(A), B) ∼= Nat(FA, FB).

Equivalently, a homomorphism Q(A) → B is the same thing as a function

p : A×A → B

satisfying

p(0A, c) = 0B , p(a+ b, c) = p(a, b+ c) + p(b, a+ c).

Proof. A homomorphism Q(A) → B is uniquely determined by the images of the generators [a | c], and the defining
relations of Q(A) are exactly the two identities required in theorem 3.2.1. So the universal property of the presented
monoid Q(A) and theorem 3.2.1 give the stated bijection. □

Proposition 3.3.4. The endofunctor Q on CMon carries a natural comonad structure with counit

εA : Q(A) → A, εA
(
[a | c]

)
= a,

and comultiplication

δA : Q(A) → Q(Q(A)), δA
(
[a | c]

)
= [[a | c] | [c | a]] .

Hence the category whose objects are commutative monoids and whose morphisms

A⇝ B

are natural transformations

FA ⇒ FB

is the coKleisli category of the comonad Q.

Proof. The formulas for εA and δA preserve the defining relations of Q(A), so they define homomorphisms. The
counit identities are immediate on generators:

Q(εA)δA
(
[a | c]

)
= [a | c] , εQ(A)δA

(
[a | c]

)
= [a | c] .

Likewise, coassociativity is immediate on generators:

Q(δA)δA
(
[a | c]

)
= [[[a | c] | [c | a]] | [[c | a] | [a | c]]] = δQ(A)δA

(
[a | c]

)
.

Now theorem 3.3.3 identifies coKleisli morphisms

A⇝ B with CMon(Q(A), B)

and hence with Nat(FA, FB). If p : A⇝ B and q : B ⇝ C correspond to homomorphisms

p̄ : Q(A) → B, q̄ : Q(B) → C,

their coKleisli composite is

q̄ ◦Q(p̄) ◦ δA.
On a generator [a | c] this becomes

[a | c] 7−→ [p(a, c) | p(c, a)] 7−→ q
(
p(a, c), p(c, a)

)
,

which is exactly the composite natural transformation evaluated on the 2-point set. □
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A B C
p q

(a, c) ∈ A2
(
p(a, c), p(c, a)

)
∈ B2

(
q(p(a, c), p(c, a)), q(p(c, a), p(a, c))

)
∈ C2ηp

2 ηq
2

Figure 10. CoKleisli composition is read off from the image of the 2-point set.

Corollary 3.3.5. There is a factorization

CMon −→ CoKl(Q) −→ [FinSet,Set]

which is the identity on objects, whose first functor sends a homomorphism f : A → B to the context-independent
cocycle

pf (a, c) := f(a),

and whose second functor is fully faithful.

Proof. The first functor is the canonical inclusion of CMon into the coKleisli category of Q via the counit. The
second functor sends A to FA and a coKleisli morphism represented by p to the natural transformation ηp. Full
faithfulness is exactly theorem 3.2.1. □

Remark 3.3.6. This explains conceptually why the original functor

CMon → [FinSet,Set], A 7→ FA,

is not fully faithful. An ordinary homomorphism remembers only the local contribution a 7→ f(a), whereas a general
natural transformation is allowed to depend on the ambient context c as well. The missing information is precisely
encoded by the comonad Q.

3.4. The Eilenberg–Moore category of Q. It is also natural to ask what the Eilenberg–Moore categoryCMonQ

of the comonad Q looks like. At present we do not know a simple intrinsic description for arbitrary commutative
monoids. Nevertheless, the coalgebra structure admits a clear interpretation: a Q-coalgebra is a commutative
monoid equipped with a coherent contextual decomposition map. For general background on coKleisli and Eilenberg–
Moore categories of comonads, see Barr–Wells [BW05]; for computer-science uses of coKleisli maps as context-
dependent computations, see Uustalu–Vene [UV08; UV06]; for an interpretation of coalgebras of a comonad as
decomposition or basis data, compare Jacobs [Jac13]; and for a recent use of coalgebras of indexed comonads as
combinatorial invariants, compare Abramsky–Shah [AS21].

In the present case, a Q-coalgebra is a homomorphism

γ : A → Q(A)

satisfying

εAγ = idA, δAγ = Q(γ)γ.

The counit says that the first entries of the contextual pieces reconstruct the original element. The coassociativity
says that decomposing once and then decomposing the pieces again yields the same result as viewing the first
decomposition itself as a contextual element. In this sense, CMonQ is a category of commutative monoids with
coherent contextual decomposition data.
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A Q(A)

Q(A) Q(Q(A))

γ

γ δA

Q(γ)

Figure 11. A Q-coalgebra is a coherent contextual decomposition: the coassociativity square says
that decomposing an element and then decomposing the pieces agrees with the one-step contextual
decomposition in Q(Q(A)).

Notation 3.4.1. For a set X, let
AX := N(X)

be the free commutative monoid on X, and let ex ∈ AX denote the characteristic multiset of x ∈ X. Define

ΣX := {(x, T ) | x ∈ X, T ∈ AX , T (x) ≥ 1}.
We write N(ΣX) for the free commutative monoid on the set ΣX .

Proposition 3.4.2. For every set X, there is a natural isomorphism of commutative monoids

Q(AX) ∼= N(ΣX).

It sends a generator
[a | c] ∈ Q(AX)

to ∑
x∈X

a(x) · (x, a+ c),

and its inverse sends the generator (x, T ) ∈ ΣX to

[ex |T − ex] .

Proof. The point is that over a free commutative monoid, the relation

[a+ b | c] = [a | b+ c] + [b | a+ c]

allows one to split the first coordinate all the way down to atomic generators. Thus every contextual generator
is a sum of atomic contributions indexed by a point x together with the total multiset T = a + c. The displayed
formulas make this precise and are inverse to each other. □

Q(AX) N(ΣX)
ΦX

ΨX

Figure 12. The free description of Q(AX). The map ΦX records, for each atomic summand ex
of the first coordinate, the total multiset T = a+ c in which it sits.

To see that ΦX is well defined, note that

ΦX

(
[a+ b | c]

)
=
∑
x

(a(x) + b(x)) · (x, a+ b+ c) = ΦX

(
[a | b+ c]

)
+ΦX

(
[b | a+ c]

)
.
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Conversely, define ΨX(x, T ) = [ex |T − ex] and extend additively. Then

ΨXΦX

(
[a | c]

)
=
∑
x∈X

a(x) · [ex | a+ c− ex] .

An induction on the total size of a shows that this is equal to [a | c]. Indeed, if a = 0 there is nothing to prove; if a = ex + a′

with a′ ̸= 0, then
[a | c] =

[
ex
∣∣ a′ + c

]
+
[
a′ ∣∣ ex + c

]
,

and the induction hypothesis applies to the second term. The identity ΦXΨX = id is immediate on generators (x, T ).

Theorem 3.4.3. Let X be a set. To give a Q-coalgebra structure on the free commutative monoid

AX = N(X)

is equivalent to giving a family of finite multisets

(Tx)x∈X , Tx ∈ AX ,

such that

(1) Tx(x) ≥ 1 for every x ∈ X;
(2) whenever Tx(y) ≥ 1, one has Ty = Tx.

Under this correspondence, the coalgebra map is given on generators by

γ(ex) = [ex |Tx − ex] .

Equivalently, the support of each Tx is a finite block, and all points in the same block carry the same total multiset.

Proof. By theorem 3.4.2, the monoid Q(AX) is free on generators (x, T ) with T (x) ≥ 1. Hence the counit condition

εγ(ex) = ex

forces
γ(ex) = (x, Tx)

for a uniquely determined finite multiset Tx with Tx(x) ≥ 1. The coassociativity square above then shows that the
second layer of decomposition is determined by the same total multiset, which is exactly condition (2). Conversely,
if a family (Tx) satisfies (1) and (2), then the assignment

γ(ex) = [ex |Tx − ex]

extends uniquely to a Q-coalgebra. □

The theorem says that a free Q-coalgebra is essentially the same thing as a finite hyperedge system with multi-
plicities: each generator x lies in a finite multiset Tx, and every other point appearing in that same multiset belongs
to exactly the same contextual total. This is the free commutative-monoid analogue of a decomposition basis.

To verify condition (2), apply the coassociativity square to the generator ex. On the one hand,

δγ(ex) = δ
(
[ex |Tx − ex]

)
= [[ex |Tx − ex] | [Tx − ex | ex]] .

On the other hand,
Q(γ)γ(ex) = Q(γ)

(
[ex |Tx − ex]

)
= [[ex |Tx − ex] | γ(Tx − ex)] .

By theorem 3.4.2, the element [Tx − ex | ex] decomposes as∑
y∈X

(Tx(y)− ex(y)) · [ey |Tx − ey] ,

whereas
γ(Tx − ex) =

∑
y∈X

(Tx(y)− ex(y)) · [ey |Ty − ey] .
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Since Q(AX) is free on the atomic generators [ey |T − ey], equality of these two contextual complements implies

Ty = Tx whenever Tx(y)− ex(y) > 0.

If y = x and Tx(x) > 1, the same conclusion holds. This proves condition (2).
Conversely, assume that the family (Tx) satisfies (1) and (2). Then

γ(ex) = [ex |Tx − ex]

defines a homomorphism γ : AX → Q(AX). The counit identity is immediate:

εγ(ex) = ex.

For coassociativity, compute as above:

δγ(ex) =

[
[ex |Tx − ex]

∣∣∣∣∣∑
y

(Tx(y)− ex(y)) · [ey |Tx − ey]

]
,

while

Q(γ)γ(ex) =

[
[ex |Tx − ex]

∣∣∣∣∣∑
y

(Tx(y)− ex(y)) · [ey |Ty − ey]

]
.

Because Ty = Tx whenever Tx(y)− ex(y) > 0, the two expressions agree.

Corollary 3.4.4. Coalgebra structures on the free commutative monoid N are classified by positive integers. More
precisely, for each n ≥ 1 there is a unique Q-coalgebra structure γn on N such that

γn(1) = [1 |n− 1] ,

and every Q-coalgebra on N is of this form.

Proof. Apply theorem 3.4.3 with X = {∗}. A finite multiset on a one-point set is exactly a positive integer n, and
the condition T∗ = T∗ is automatic. □

Remark 3.4.5. The discussion above strongly suggests that CMonQ should be thought of as a category of contex-
tual decomposition monoids. We do not presently know a simpler intrinsic description for arbitrary commutative
monoids, but the free case already shows that the Eilenberg–Moore side is very concrete and combinatorial.

3.5. Examples and comparison with Kori–Watanabe. This subsection is supplementary. It records worked
examples and comparisons with [KW25].

We now explain how the concrete examples in Kori–Watanabe are recovered from theorem 3.2.1. The most
relevant references are their Definition 5, Example 6, Proposition 2, Theorem 1 in §4.1, Examples 7–8, Lemma 3,
and Proposition 4 [KW25].

Proposition 3.5.1 (A uniform construction from a counting homomorphism). Let A and B be commutative
monoids, let

ℓ : A → N
be a monoid homomorphism, and let

b : N → B

be a function with b(0) = 0B. Define

pℓ,b(a, c) := ℓ(a) · b
(
ℓ(a+ c)

)
.

Then pℓ,b satisfies the identities of theorem 3.2.1, hence defines a natural transformation

ηℓ,b : FA ⇒ FB .
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Explicitly,

(ηℓ,bX (f))(x) = ℓ
(
f(x)

)
· b

∑
y∈X

ℓ
(
f(y)

) .

Proof. Since ℓ is additive,
pℓ,b(0A, c) = 0 · b(ℓ(c)) = 0B .

Also,
pℓ,b(a+ a′, c) = (ℓ(a) + ℓ(a′)) · b

(
ℓ(a+ a′ + c)

)
which is exactly

ℓ(a) · b
(
ℓ(a+ a′ + c)

)
+ ℓ(a′) · b

(
ℓ(a+ a′ + c)

)
= pℓ,b(a, a

′ + c) + pℓ,b(a
′, a+ c).

Now apply theorem 3.2.1. □

Example 3.5.2 (Multisets to powersets and additive weights). Let M = FN, and let B be any commutative
monoid. Given a natural transformation

η : FN ⇒ FB ,

let p : N× N → B be its associated function. Define

b(0) = 0B , b(s) = p(1, s− 1) (s ≥ 1).

Then an induction on n using theorem 3.2.1 shows that

p(n,m) = n · b(n+m)

for all n,m ∈ N. Therefore

(ηX(f))(x) = f(x) · b

∑
y∈X

f(y)

 .

(1) If B = B with idempotent addition, then n · b = b for n > 0, so

(ηX(f))(x) =

{
b
(∑

y∈X f(y)
)
, f(x) > 0,

0, f(x) = 0.

Equivalently,

ηX(f) = {x ∈ X | f(x) > 0 and b(
∑
y∈X

f(y)) = 1}.

This is exactly the shape of Kori–Watanabe, Example 7(1).
(2) If B = R≥0 under addition, then

(ηX(f))(x) = f(x) b

∑
y∈X

f(y)

 ,

which is exactly their Example 7(2).

Example 3.5.3 (Finite powersets to additive targets). Let Pf = FB, where B = {0, 1} is viewed as the idempotent
commutative monoid with 1 + 1 = 1. Let

η : FB ⇒ FB

be a natural transformation, and let q(c) = p(1, c). Since 1+1 = 1 in the source monoid, the identity in theorem 3.2.1
gives

q(c) = p(1, c) = p(1, 1 + c) + p(1, 1 + c) = 2 · q(1 + c).
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(1) If B = N or B = R≥0, then the only solution is q(c) = 0 for all c. Hence the only natural transformation

Pf ⇒ M or Pf ⇒ FR≥0

is the zero transformation. This is Kori–Watanabe, Example 8(1).
(2) Kori–Watanabe also compute the case

Pf ⇒ F(R≥0,·,1)

in their Example 8(2). Since that target is naturally multiplicative rather than additive, it sits slightly
outside the notation of the present note; nevertheless it is the same calculation after rewriting the target
monoid multiplicatively.

Example 3.5.4 (A quick derivation of Kori–Watanabe, Proposition 3(4)). Kori–Watanabe, Proposition 3(4),
describes natural transformations

M ⇒ D≤1,

where D≤1 is the finite subdistribution functor. Since D≤1 is a subfunctor of FR≥0
, theorem 3.5.2 says that any

natural transformation into FR≥0
has the form

(ηX(f))(x) = f(x) b

∑
y∈X

f(y)

 .

To land in D≤1(X), we must have∑
x∈X

(ηX(f))(x) =

(∑
x∈X

f(x)

)
b

(∑
x∈X

f(x)

)
≤ 1.

Thus if s > 0 and we set

cs := s b(s) ∈ [0, 1],

then

(ηX(f))(x) =


f(x)∑

y∈X f(y)
c∑

y∈X f(y),
∑

y∈X f(y) > 0,

0,
∑

y∈X f(y) = 0.

This is exactly the formula stated in Proposition 3(4), equivalently Corollary 1, of [KW25].

Example 3.5.5 (A new example beyond the singly generated case). Let

A = N2, B = N, ℓ(a1, a2) = a1 + 2a2.

Applying theorem 3.5.1 to this additive homomorphism ℓ and to any function

b : N → N, b(0) = 0,

we obtain a natural transformation

FN2 ⇒ FN

given by

(ηX(f))(x) =
(
f1(x) + 2f2(x)

)
b

∑
y∈X

f1(y) + 2
∑
y∈X

f2(y)

 .

This example is genuinely outside the singly generated framework of Kori–Watanabe, Theorem 1 in §4.1, because
the source monoid N2 is not singly generated.
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Example 3.5.6 (A new support-threshold example). Let A = N2, let B = B = ({0, 1},∨, 0), and keep the additive
homomorphism

ℓ(a1, a2) = a1 + 2a2.

For any subset R ⊆ N with 0 /∈ R, define

bR(n) =

{
1, n ∈ R,

0, n /∈ R.

Then theorem 3.5.1 yields a natural transformation

FN2 ⇒ Pf

whose value on f = (f1, f2) : X → N2 is

ηX(f) =

x ∈ X

∣∣∣∣∣∣ ℓ(f(x)) > 0 and
∑
y∈X

ℓ
(
f(y)

)
∈ R

 .

Equivalently,

ηX(f) =

x ∈ X

∣∣∣∣∣∣ f(x) ̸= (0, 0) and
∑
y∈X

(f1(y) + 2f2(y)) ∈ R

 .

This gives a large family of support-selection operations controlled by a weighted total mass.

4. Further discussion: toward Arrow-type no-go theorems

This section is exploratory and may be skipped on a first reading.

We close with a speculative comparison with Abramsky’s categorical account of Arrow’s theorem [Abr14a]. Let
FinInj denote the category of finite sets and injections, and consider the presheaf topos

PSh(FinInj) = [FinInjop,Set].

Define a presheaf R by

R(X) = P(X ×X),

with restriction along injections given by pullback of relations.

Proposition 4.0.1. The presheaf R ∈ PSh(FinInj) is 2-coskeletal with respect to the cardinality filtration of
FinInj.

Proof. A binary relation is already determined by its values on singletons and pairs, so compatibility on all subsets
of size at most 2 glues uniquely to a global relation.

Indeed, for each pair (x, x′) ∈ X × X, the truth value of xRx′ is detected on the subset {x, x′} if x ̸= x′, and on the
singleton {x} if x = x′. Conversely, any compatible family of relations on all subsets of size at most 2 glues uniquely to a
relation on X. This is exactly the statement that the canonical map

R(X) → (cosk2 R)(X)

is bijective.

□
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Remark 4.0.2. Let L ⊆ R be the subpresheaf of linear orders. The extra axioms cutting out L from R are local
in arity at most 3: totality and antisymmetry are detected on 2-element subsets, while transitivity is detected on
3-element subsets. This strongly suggests that L should be governed by a 2+1-coskeletal pattern analogous to the
one proved above for FA. We do not formulate a sharp theorem here, but this is precisely the kind of low-arity
control that appears in Abramsky’s treatment of Arrow’s theorem.

Abramsky considers a category C of subsets of a universe of alternatives with injective maps, together with its
inclusion subcategory, and shows that the Independence of Irrelevant Alternatives is equivalent to the naturality of
a social welfare transformation

σ : Dinc ⇒ Pinc

(see [Abr14a, §3.2, especially Proposition 3.1]). He then proves the Factorization Theorem [Abr14a, Theorem 4.3]:
every such social choice function factors through a Boolean-algebra homomorphism

h : 2I → 2.

For finite I, Proposition 4.2 in the same paper says that such homomorphisms are just the projections, so dictatorship
follows.

FA FB

A×A B

η

low arity

p

Dinc Pinc

2I 2

σ

pairs

h

Figure 13. Two low-arity factorizations: the cocycle datum p for branching functors, and Abram-
sky’s Boolean-algebra map h for Arrow theory.

Remark 4.0.3 (A tentative unifying schema). The present note and Abramsky’s Arrow-theoretic factorization sug-
gest a common topos-theoretic pattern for no-go theorems.

(1) Choose a category of arities and a topos of generalized objects on it.
(2) Identify a structure object whose global behavior is forced by low-arity tests.
(3) Express the admissible transformations as natural transformations subject to a small amount of extra

algebraic data.
(4) Show that this low-arity algebraic datum has only trivial or projection-like solutions.

On the Kori–Watanabe side the low-arity datum is the cocycle function

p : A×A → B,

while on the Arrow side it is the Boolean-algebra homomorphism

h : 2I → 2.

One may hope that a sufficiently systematic study of coskeleta in toposes built from finite arities and injections will
put these two no-go phenomena into a single framework.
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Appendix A. An extended bibliographic survey

This appendix is intentionally long. Its purpose is not to mimic a general bibliography on coalgebra, category
theory, topos theory, or social choice, but to organise the literature into concentric circles around the present note.

A useful reading order is the following.

(1) Read section A.1 for the literature most directly adjacent to the theorem

Nat(FA, FB) ∼= { p : A×A → B | p(0, c) = 0, p(a+ b, c) = p(a, b+ c) + p(b, a+ c) }.

(2) Read sections A.2 to A.5 for the structural background behind the phrases “finitary endofunctor”, “arity”,
“coskeleton”, and “finite tests”.

(3) Read sections A.6 to A.8 for nearby no-go literatures in theoretical computer science, social choice, and
topos-theoretic physics.

(4) Read section A.10 for a more opinionated synthesis of what seems genuinely new here and what still remains
speculative.

The references below are grouped by mathematical function rather than by chronology. Some are direct predecessors

of the present paper; some are structural background without which the present viewpoint would be unnatural; and some

are neighboring no-go literatures that suggest a broader common pattern. Whenever possible, we indicate exactly which

theorem, example, or construction in a cited paper is closest to the current note.

A.1. Direct predecessors: monoid-valued branching and coalgebraic products. The single closest prede-
cessor is Kori–Watanabe [KW25]. For the present note, the key points are their Definition 5, Example 6, Proposi-
tion 2, Theorem 1 in §4.1, Examples 7–8, Lemma 3, Proposition 4, and Theorem 2. Definition 5 introduces the same
family of commutative-monoid-valued branching functors FA. Example 6 identifies, inside this family, the multiset
functor, the covariant finite powerset functor, and two real-valued branching functors. Proposition 2 proves that
a natural transformation FA ⇒ FB is already determined by its component at the 2-point set. Theorem 1 in §4.1
treats the singly generated case explicitly. Examples 7–8 spell out concrete cases for multisets and finite powersets.
Proposition 4 isolates the case

F(R≥0,+,0) ⇒ Pf .

Finally, Theorem 2 is their central no-go theorem for coalgebraic product constructions of Markov chains and NFAs.

The paper [KW25] itself sits on top of the coalgebraic product-construction framework of Watanabe–Junges–Rot–Hasuo
[Wat+25], where product constructions are expressed by distributive laws and their correctness is formulated by a clean
coalgebraic criterion. In that sense, the present note should be read as a contribution to the algebra of branching functors
that underlies that framework.

A second direct predecessor is Gumm–Schröder [GS01], where monoid-labelled transition systems already make the functor
of finitely supported monoid-valued maps appear naturally. Historically, this is one of the cleanest places where the shape
of FA is already present.

A third nearby source is Dahlqvist–Neves [DN18]. Their emphasis is different: they classify operations of the form

Tn ⇒ T

for several branching monads and semantic paradigms. Still, their results cover powerset- and multiset-type phenomena and
therefore form an important special-case predecessor for the present classification of

Nat(FA, FB)

when source and target branching types are allowed to differ.
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Finally, Jacobs’ distributive law from multisets over distributions to distributions over multisets [Jac21] is a crucial positive

comparison point. One of the morals of Kori–Watanabe and of the present note is that multisets interact much better with

probability than powersets do; Jacobs’ paper is a precise algebraic witness of that phenomenon.

A.2. Finitary functors, Lawvere theories, and arity-based descriptions. The present note repeatedly uses
the slogan that a finitary endofunctor on Set is controlled by its values on finite sets. This is standard, and one
modern reference is Adámek–Milius–Moss–Urbat [Adá+15], which studies presentations of finitary functors. For
our purposes, the point is not the most general presentation theorem, but the habit of treating finite arities as
primary data.

The surrounding categorical algebra belongs to the same ecosystem as Lawvere theories and finitary monads. Lack–
Rosický [LR11] explain how the classical equivalence between Lawvere theories and finitary monads on Set extends in
several directions, while Garner [Gar14] revisits the ordinary equivalence from the perspective of Cauchy completion. These
references are useful because the present note is, in spirit, about reading a finitary structure from a small arity-restricted
piece.

There are also neighboring combinatorial literatures that work over finite sets but emphasise slightly different classes of

morphisms. Joyal’s theory of species [Joy81] focuses on finite sets and bijections, while Gambino–Kock’s theory of polynomial

functors [GK13] studies functors assembled from sums and powers in locally cartesian closed settings. Neither literature is

a direct precursor of the theorem proved here, because our functor uses all maps in FinSet and a specific fiber-summation

operation. Nonetheless, both are part of the broader background in which finite-arity combinatorics becomes an organising

principle for functorial algebra.

A.3. Topos-theoretic background: presheaves, classifying ideas, and Lawvere’s problems. From a topos-
theoretic viewpoint, the ambient category of the note is a presheaf category on finite arities. General background
on presheaf toposes and classifying toposes can be found in Mac Lane–Moerdijk [LM92], Johnstone [Joh02], and
Caramello [Car10]. These works are not specific to FA, but they explain why one should expect a small site of
arities to encode a large semantic world.

The specific level/coskeleton viewpoint belongs to the literature around essential localisations and Aufhebung rela-
tions. Kelly–Lawvere [KL89] is the foundational reference for the lattice of essential localisations. Kennett–Riehl–Roy–Zaks
[Ken+11] provide explicit calculations in simplicial and cubical settings. Menni [Men19; Men24] develops a broader theory
of monic skeleta, boundaries, and successive dimensions in toposes.

This is also the point where the present note touches the circle of ideas around Lawvere’s open problems in topos theory.

On one side, Kamio–Hora [KH24] solve Lawvere’s first problem by exploiting combinatorics of classifying toposes and rigid

structures. On another side, Hora–Kamio–Maehara [HKM25] compute an Aufhebung relation in the topos of symmetric

simplicial sets, thus contributing to Lawvere’s fourth problem. The current note is much more elementary in technique, but

it lives in the same broad landscape: take a topos or presheaf category generated by finite combinatorics, study how much

of an object is forced by low-dimensional data, and extract structural consequences.

A.4. Codensity, finite testing, and the ultrafilter analogy. The remark in the main text comparing

cosk3 = Ranj3 j
∗
3

to codensity phenomena is not merely poetic. Leinster [Lei13] shows that the codensity monad of the inclusion

FinSet ↪→ Set

is the ultrafilter monad. Thus a right Kan extension from finite tests can recover a very global structure.

Of course, the present situation is not literally the same. The ultrafilter monad is the codensity monad of the entire
inclusion of finite sets, whereas our coskeleton is the right Kan extension from the truncation

j3 : FinSet≤3 ↪→ FinSet.
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Still, the formal similarity is meaningful. In both cases, one reconstructs a global object from the values of a functor on

a finite-test subcategory. The slogan “global structure is forced by how it responds to small probes” is common to both

situations. This is one reason the codensity analogy is helpful conceptually, even though the resulting monads are quite

different.

A.5. Comonads, coKleisli categories, and coalgebras as decomposition data. The new comonad Q intro-
duced in the main text places the present note in a second circle of literature, this time around coKleisli categories,
Eilenberg–Moore coalgebras, and context-dependent semantics. For general categorical background on comonads,
coKleisli categories, and Eilenberg–Moore categories, one can consult Barr–Wells [BW05]. The specific theme that
coKleisli arrows model context-dependent computation is central in Uustalu–Vene [UV08; UV06]. The comple-
mentary theme that coalgebras for a comonad encode decomposition or basis data is developed by Jacobs [Jac13].
A more recent structural use of coalgebras of comonads appears in Abramsky–Shah [AS21], where coalgebras of
resource-indexed comonads define combinatorial invariants of relational structures.

These references are relevant to the present note for different reasons.

(1) Uustalu–Vene [UV08; UV06] explain a general principle: coKleisli morphisms are maps that are allowed to depend
on an ambient context. This is exactly how the present comonad Q should be read. An ordinary homomorphism
A → B depends only on the local input a, whereas a coKleisli morphism

A⇝ B

may depend on the complementary context c as well; the datum p(a, c) is the explicit form of that dependence.
(2) Jacobs [Jac13] studies coalgebras of a comonad induced on an algebraic category and interprets them as decompo-

sition or basis structures. This is a close conceptual neighbour of the present Eilenberg–Moore category CMonQ.
Our coalgebras are not the same as Jacobs’ bases, but they fit the same general pattern: a coalgebra equips each
element with a coherent way of being decomposed into simpler or more primitive contextual pieces.

(3) Abramsky–Shah [AS21] show that coalgebras of certain indexed comonads control combinatorial invariants such
as tree-depth- and pebbling-like resource parameters. From the present viewpoint, this is suggestive because it
shows that coalgebra structures themselves can carry sharp and unexpectedly concrete combinatorial content. The
free-monoid classification in theorem 3.4.3 fits that general philosophy.

So, while we do not know a standard pre-existing name for CMonQ, the literature does give a clear conceptual niche for

it: it is an Eilenberg–Moore category of contextual decomposition structures, sitting on one side of the coKleisli category

that classifies the natural transformations FA ⇒ FB .

A.6. No-go theorems for distributive laws and combinations of effects. A large body of theoretical com-
puter science studies the impossibility of combining computational effects by distributive laws. For the present note,
this is one of the most important neighboring no-go literatures. Varacca–Winskel [VW06] is a classical landmark:
it explains why the powerset and distribution monads do not combine directly in the naive way and introduces
indexed valuations as a workaround. Zwart–Marsden [ZM22] later develop a general toolbox of no-go theorems for
distributive laws of monads.

Several papers illustrate how rich this neighboring literature has become.

(1) Klin–Salamanca [KS18] prove that the iterated covariant powerset functor cannot be made into a monad. This is
not a distributive-law statement in the narrow sense, but it is very much in the same “you cannot force a desired
algebraic structure to exist” family.

(2) Salamanca [Sal20] proves that lattices do not distribute over powerset. Again, this is a structural impossibility result
about combining algebraic behaviour with powerset branching.

(3) Goy–Petrişan–Aiguier [GPA21] show that while the ordinary powerset monad does not distribute over itself, one can
recover a weaker form of distributivity in suitable settings, including toposes and compact Hausdorff spaces. This
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is especially relevant for the present paper because it shows that the right replacement for a failed distributive law
may be a weaker or relativised structure rather than a total collapse.

(4) Karamlou–Shah [KS24] provide new no-go theorems showing that certain directed containers do not distribute over
distribution monads. This indicates that the no-go phenomenon is not restricted to the classic powerset/probability
clash.

(5) Keimel–Plotkin [KP17] and Affeldt–Garrigue–Nowak–Saikawa’s line of work on combined probabilistic and nondeter-
ministic semantics build positive alternatives to these failures. In a related but more recent direction, Ong–Ma–Kozen
[OMK25] explicitly implement semantics through distributions over multisets to get around the absence of a good
distributive law between powerset-like and probabilistic behaviour.

(6) Jacobs [Jac21] is especially striking in the present context because it gives a positive distributive-law story for
multisets and distributions. This sits very close to Kori–Watanabe’s positive multiset examples and strongly suggests
that “multiset branching behaves better than powerset branching” is not an accident but a recurring structural
theme.

From the viewpoint of the present note, the real interest of this literature is methodological. It shows that impossibility

results about algebraic combination are often as structural and informative as existence theorems. Kori–Watanabe’s no-go

theorem for coalgebraic products [KW25] is therefore not an isolated curiosity but part of a broader pattern in semantics.

A.7. Arrow, categorical social choice, and topological social choice. The foundational source is Arrow’s
original impossibility theorem [Arr50] and its book-length development [Arr63]. For the present note, however,
the most important modern reference is Abramsky’s categorical reformulation [Abr14a]. That paper shows that
Independence of Irrelevant Alternatives can be read as naturality, and that the whole social welfare function factors
through a Boolean algebra homomorphism

h : 2I → 2.

This is the closest existing literature to the idea that a no-go theorem may be encoded by a small categorical
classifier.

Abramsky’s paper is especially important for three reasons.
First, it replaces the usual elementwise formulation of IIA by a functorial/naturality formulation. This is precisely the

sort of move that makes comparison with the present note plausible.
Second, the factorisation theorem in [Abr14a] shows that the entire social choice rule is controlled by a very small algebraic

datum, namely a Boolean algebra homomorphism from 2I to 2. This is strongly reminiscent of the way the present note
compresses a natural transformation FA ⇒ FB into the binary datum p(a, c) satisfying one cocycle identity.

Third, Abramsky explicitly places Arrow’s theorem beside no-go theorems from quantum foundations, suggesting a com-
mon structure beyond economics.

There is also a substantial topological social-choice literature that is relevant to the present note because it studies
impossibility via low-dimensional combinatorics and homological obstructions. Baryshnikov [Bar93] gives a topological
approach unifying impossibility theorems. Tanaka [Tan06] develops an explicit topological proof of Arrow’s theorem for weak
orders. More recently, Rajsbaum–Raventós-Pujol [RR26] provide a combinatorial-topology approach to Arrow’s theorem,
with explicit simplicial-complex methods and a strong interface with distributed computing.

Finally, Kimelfeld–Kolaitis–Stoyanovich [KKS18] show that computational social choice also interacts fruitfully with

database theory. This is not a direct precursor of the present note, but it is another sign that social choice, logic, semantics,

and finite combinatorics now meet in several places rather than in a single isolated tradition.

A.8. Topos- and sheaf-theoretic no-go theorems beyond social choice. Another neighboring family of no-
go theorems comes from quantum contextuality and the Kochen–Specker theorem. In Isham–Butterfield [IB98]
and Isham [Ish10], a central point is that a certain presheaf has no global elements. In Abramsky–Brandenburger
[AB11], non-locality and contextuality are formulated as obstructions to the existence of global sections of a sheaf.
This is one of the cleanest places where a no-go theorem becomes a statement about presheaf or topos semantics.
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The comparison with the present note is not identity but analogy.
In the sheaf-theoretic contextuality literature, the obstruction is usually a failure of globality : there exist compatible local

pieces, but they do not glue to a global section. Abramsky–Brandenburger [AB11] make this precise, and Abramsky [Abr14b]
argues that the same mathematical structures reappear well beyond quantum mechanics, for example in logic, constraints, and
databases. Abramsky–Barbosa–Kishida–Lal–Mansfield [Abr+15] then connect the obstruction to cohomological phenomena
and paradoxes.

The present note has a different flavour. Here one proves that a specific family of functors is already determined by

sufficiently small arity tests, and then classifies maps into it by an explicit low-arity formula. So the mechanism is not

“failure to glue” but rather “low arity already forces everything”. Nonetheless, both stories are organised around the same

topos-theoretic picture: small local data, compatibility constraints, and a sharp statement about what global structure can

or cannot exist.

A.9. Topos theory as bridge technology. If one wants a broad conceptual umbrella for why all these analogies
might be worth taking seriously, Caramello’s “toposes as bridges” viewpoint [Car10] is perhaps the most natural one.
In that philosophy, a topos is not only a semantic universe but also a transfer device between different mathematical
theories.

This perspective does not itself prove any of the theorems in the present note. However, it gives a principled reason to
look for common structure between:

• coalgebraic branching and product constructions,
• presheaf-theoretic levels and coskeleta,
• social-choice no-go theorems,
• contextuality and global-section obstructions,
• and distributive-law impossibility results in semantics.

The point is not that these subjects are already known to be equivalent. Rather, the point is that a topos-theoretic or arity-

theoretic reformulation often reveals a smaller classifier or obstruction than the original elementwise presentation suggests.

That principle is visible in Abramsky’s Arrow paper, in contextuality-by-global-sections, and in the current note.

A.10. What seems genuinely new here, and what remains speculative. The closest direct prior work is
still Kori–Watanabe [KW25]. What appears genuinely new in the present note is not the definition of FA itself, but
the combination of two ideas:

(1) the observation that FA is 3-coskeletal, and
(2) the resulting uniform classification of all natural transformations

FA ⇒ FB

for arbitrary commutative monoids A and B by a single function

p : A×A → B

satisfying one normalisation condition and one cocycle identity.

To the best of our knowledge, this exact package is not already written down in the literature.

There are also more speculative directions.
One is the possibility of placing the present note and Abramsky’s Arrow theorem into a single framework based on

low-arity coskeletality in presheaf toposes over injections. The rough dream is that, in a category such as

[FinSetopinj,Set],

the presheaf of binary relations is 2-coskeletal, while the presheaf of linear orders is cut out inside it by 2-ary and 3-ary
conditions. If such a picture is developed cleanly, then Arrow-style impossibility could become another instance of a “small-
arity classifier + global no-go consequence” principle, parallel to the present paper’s treatment of FA.
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A second direction is to connect the current 3-coskeletal story more tightly with codensity and right Kan extension
phenomena. Leinster’s account of ultrafilters [Lei13] suggests that this is not merely a superficial analogy.

A third direction is to compare the present note more systematically with the no-go theorems for distributive laws
of monads. Kori–Watanabe themselves already point toward this comparison in their related-work section [KW25]. The
present paper suggests that low-arity classification of natural transformations may be one useful bridge between the two
no-go literatures.

At the time of writing, we do not know a published theorem that already unifies all these threads. So this part of the

survey should be read as a research programme rather than as a report of established consensus.

Appendix B. Auxiliary proofs on lower levels

Proposition B.0.1. If A is nontrivial, then FA is not n-skeletal for any finite n.

Proof. Fix n ≥ 0, and choose a ∈ A with a ̸= 0A. Let X = n+ 1, and consider the constant function

f : X → A, f(x) = a.

Every element of (skn FA)(X) is represented by some pair (u, g) with u : S → X, |S| ≤ n, and g ∈ AS . Its image in
FA(X) = AX is FA(u)(g), and this function vanishes outside u(S). Hence it can be nonzero at at most n points of X. But
f is nonzero at all n+ 1 points. Therefore f does not lie in the image of

(skn FA)(X) → FA(X),

so FA is not n-skeletal. □

Proposition B.0.2. If A is nontrivial, then FA is not 2-coskeletal.

Proof. Choose a ∈ A with a ̸= 0A, and let X = {1, 2, 3}. Define

µ : P(X) → A

by

µ(T ) =

{
0A, |T | = 0 or 1,

a, |T | = 2 or 3.

For each map u : X → S with |S| ≤ 2, define λu ∈ AS as follows. If S = 1, put λu = (a). If S = 2, let T = u−1(1) and put

λu = (µ(T ), µ(X \ T )).
Exactly as in the proof of theorem 2.2.5, one checks that (λu) is compatible. Hence it defines an element of (cosk2 FA)(X).

Suppose that it comes from some f = (f1, f2, f3) ∈ A3. For each i ∈ X, let χ{i} : X → 2 be the characteristic map of the
singleton {i}. Then

FA(χ{i})(f) = λχ{i} = (0A, a).

Therefore fi = 0A for all i. But then the image of f under the unique map X → 1 is (0A), whereas by construction
λX→1 = (a). This is a contradiction. Therefore FA is not 2-coskeletal. □
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[Joy81] André Joyal. “Une théorie combinatoire des séries formelles”. Advances in Mathematics 42.1 (1981),
pp. 1–82. doi: 10.1016/0001-8708(81)90052-9.

[KH24] Yuhi Kamio and Ryuya Hora. A solution to the first Lawvere’s problem: A Grothendieck topos that has
a proper class many quotient topoi. 2024. arXiv: 2407.17105 [math.CT].

[KS24] Amin Karamlou and Nihil Shah. “No Go Theorems: Directed Containers That Do Not Distribute Over
Distribution Monads”. Proceedings of the Thirty Ninth Annual ACM/IEEE Symposium on Logic in
Computer Science (LICS 2024). 2024, 69:1–69:13. doi: 10.1145/3661814.3662137.

[KP17] Klaus Keimel and Gordon D. Plotkin. “Mixed powerdomains for probability and nondeterminism”.
Logical Methods in Computer Science 13.1 (2017). doi: 10.23638/LMCS-13(1:2)2017.

[KL89] G. M. Kelly and F. W. Lawvere. “On the complete lattice of essential localizations”. Bulletin de la
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