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ex/reg SEfifLIZFESF (exact 725 Map(C) ~ C, @i 1.1) 7223 ex/lex IFFEF TR, Cox/reg A3 Grothendieck topos
1272 %13 5M1% Tregular + infinitary extensive + /NXRAERKES) T CEE 1.3, Games 1 ZDH!), Menni DH|
E (ERIVEERR) 13 ex/lex lRTH D ex/reg MUIIEARMEZE. Conway A1 + 13 lex TRV (f& 2.1) OT Map D 2-
BFEMETIE € 12D 3§, DI (Gamesqy, +) LD Day convolution DE{k @ & LTHIREN 2 (EH 3.4).
(species) * nominal 5 ¢ AR OMHE T, Games @ Day convolution @AY Conway 1) (kobin sjfq7e) 2% £
TR LT D 320,

1 ex/reg Selimlb D—i%EH
el 1.1 (M), C 2 exact 726 I: C — Map(C) (FEFIME. #EFIE (X, R) — X/R.

FERA. T 3TEiRE ((F1) ER 1.2 OFOFHFET R=A DL & FI3ER). KEMNEG lexact BOT RIZ ¢: X » X/R
® kernel pair. Bk F = (1,¢): X ~ X/RITDOWT FoR=F (¢ R ZF—#), FPoF = ¢°oq = R,
FoF°=gqgoqg°=A (¢gregular epi). £>T F: (X,R) — (X/R,A) i Map O[FA (¥l F°). O

IR 1.2 (ex/lex 3FFETRW). Carboni - Vitale (Regular and exact completions, JPAA 125, 1998, Thm 16 i) :
D =~ Coxjlex £72% D& D A exact T, HRMIFRTHIT % +27% projective DL &E. Deyjlex ~ D K ZDIE D
DHIRDFT T projective D & FIZRZ (Bl : Set). 7z& ZIE Setey/iex ~ Set 7273, Sh(X)ex/iex # Sh(X) (X JE
BERD. ex/reg 13 TREPIMROME ) 72102 /23 DT, 3T TIKEADIUIMB B SRV,

EIH 1.3 (Map(C) #* Grothendieck topos 1272 % 1 735&). C »% (a) regular, (b) infinitary extensive CNRFEH D
D disjoint 7> pullback TE®&), (c) /NERIEMERTE Co T % X & Co DWRDWEDN S jointly reqular-epi THE
bz Zifi7zz3 %, Map(C) & Grothendieck topos TH%. T Map(C) »% Grothendieck topos 725 (a)(b) &
W (C — Map(C) DVERMEIR - & - reqular epi KIS ).

G (BT, —ROBEEIAFTREICEIME L TV2RY) . Giraud DA exact, infinitary extensive, /N4
A. Map(C) 3HEH 5 exact (Freyd - Scedrov). R : (X;, R;) ORMIF ([[ X, [[R:) T, (b) i&&bd [[Ri —
[IX: x [1X; »EMERIFRICZ D, pullback ZEMS (b) 265, AMES 1 I(Cy). Games IZDOWTIE (Hi] T
& = Sh(Gamesgy, Jeon) £ LTHEHBERLIZDOTIOEFIKFEL K. O

FE 14 (E0 0B LLY). (1) 2OMOHA : Set D accessible T weak pullback ZfROEF F ORKE
Coalg(F) (Worrell “#fizi3Z Cor 5.5.7 1 Coalg(F)ex /reg 1& topos, FHZ F = Py T recursive TRWRABDE D &
#p). Games = RecCoalg(Py) 1 Worrell DFED TGl 77 BT, FULCHTEH@ES. (i) Lack (A note on the exact
completion of a regular category, and its infinitary generalizations, TAC 5 (1999), ZEEMFREHA) | R D regular
CIiTHL, % topos Sh(C) T C ZHIRMIR & FMERIRDE T L 72 DD Coxjreg- ZAUS (A EH 2.1 D
e OXRIFE N(X)/N(R) CRE 2] O—RET, Games Ti& BT = 2K 238D 22D H%R¢H. (iii) Menni (4
characterization of the left exact categories whose exact completions are toposes, JPAA 177 (2003) 287 - 301 ; nLab
"generic proof | THERD) ! Cex/1ex 2% topos <= C & weak dependent product & generic proof (§XT® proof 3%
IhBEERESE) 2bD. ZHU ex/lex lRTH D, ex/reg MO HIEIIAR T AR, Games TlE Qgames
DTFE (EB R TEET) 25 Tgeneric subobject] 252 243, ex/reg TRER DI lgeneric equivalence relation)



726 DT CRIERR). (iv) Realizability : Eff ~ Asmg, /e, (Carboni, Some free constructions in realizability
and proof theory, JPAA 103, 1995) B X f Eff ~ PAsm,, jcx (Robinson — Rosolini, Colimit completions and the
effective topos, JSL 55, 1990) ——AFETIZFLEDL & OFIHTHRIEEE. #HEDHELL @ Asm X regular THEHED F, Q
b 7270 ) Games 1% regular THEDE D 20 Q 0. Eff IX Grothendieck T/ <, & & Grothendieck.

i 1.5 (Menni 12 < Z¥). (1) regular B C iIZDWT [Coyjreg 3 (elementary / Grothendieck) topos) DMTEM]
HEEH SN TV B2, FRC Tregular + B NRDE T THo0 (Games ZHKILHD. (2) € = Sh(Gamesgy, Jeon)
I3H1E topos 2 ({*} LIS D projective D32 WVDTHERNE TH). (3) Games @ Q % Map(Games) O Q 2D
R (1) EH 2.1(5) O—fL @ regular C 23 Q % & T Map(C) @ Q 1% I(Q) 2.

2 Conway #Ii& £ ICP&ED B H

Games @ Conway fl X +Y 135 UX x UY, succ(z,y) = succx x {y} U {z} x succy (Leibniz &) (main.tex
L2384 - 2450). (Games, +, {*}) {30 monoidal closed (L2030, L2871).

Rl 2.1 (+ & lex TR, —+ Stary & pullback Z{R7z7\W. L3> T Map D regular B LD 2-B4FM: (Carboni
- Vitale) & + ITHEH T 720,

AEFH. K := Stary Xstar, Stars = Stars x Stary (IR Eic 7 HOME we (C C {ti,t}? W24 2d >
(ME) #ifE 4.3). Stary = {r' =t} &L, Z2DF —2o%tN%. EB L:= K + Star; : RiZ (we,r’) O 7 f#l,
succ(we, ') = succwe X {r'}U{(we, t)}. BB P := (Starg+Star;) X sear, +Star; (Stars +Star; ) : Games @ pullback
FHEOED T — o (SRVDB—HL, FHRHIITRT—ET 2D D). Stary+Star; DIR (r,7') DFIX (t1,77), (t2,7), (r,1)
D 3T, g+ 1idENEN (t,7), (1), (', t) KES. P OWR ((r,r),(r,r")) LOiEIX enumerative 72 FEA
ST, SOOI VEHAIEFC 3 EEEEE Y, POBFFOINAMD q+1 T—HT2dD. —HT 3 7L
((ti, 1), (t5,7")) (4 HE, &2 D LONBIE—E) & ((rt),(rt) T, HED LD P OB suce(r,t) = {(t1,1), (t2, 1)}
Lomfiles RS, $hbb K ORLFAL 75 3. enumerative S:H1& 7 XL L filtie o T, S1XZ o
TP S EBTHEWMEBDHAESEZEATEY. XoT P OROMERZ 7x (27— 1) @AHD, L OR 7 —H L%
W B 0: L — P E (we,r') = S={C D 4} U{wc} T, 22X S ={AU{wa,wsp} ZF LT 2T 0
DI, O

W22 CHEUX+Y)=UXxUY EBUX xY)£UX xUY THZ OB, + 3R (1) : U 2
RBREEZRID X * — 2IFEKE (L2871)) ¥ filtered RMR GBD 7 — 2 DEH) EHED.

3 Day convolution & L TDLE

E#& 3.1. (Gamesgqy, +, {*}) (Z0H monoidal B (U(A+ B) =UA x UB I3AR). #iE P,Q € [Games;”, Set]
@ Day convolution ¥ &S hom &

A,BeGamestin
(PxQ)(C) = / P(A)xQ(B)xGames;n(C, A+B), [P, F|(A) = / Set(P(B), F(A+B)).

BeGamesyiy,

(Day, On closed categories of functors, 1970). a: [Gamesgh Set] — & ZJELE L, FOG :=a(FxG) LiEDS.

EEE 3.2 (2026-00-27 ZTTE). FOME 3.3 OFWEF+HTH 2. + 1 lex THRVDT ker(a + B) £ kera+ B TH
D, WEDRIEIZ I T F(—+ B) OESRME (ker(a+ B) EORM D &HESM) EHRW. IELWIFAL explain-day-
convolution-sheaf-2026-09-27 (ffi# L :impoimy = ker(a+ B)) I %. FIRAK (F(—+ B) 28, & 3.4)
BIELW. F7RKED Leibniz RIOMWIZAERICMEIR L 7z (explain-species-nominal-analogy-2026-09-27 :
F =G = NStar; TKEZH 6 Jt, A4 2 70).

##R8 3.3. (a;: A = A); B Jeon BB 5, EED B € Gamesg, IZDOWT (a;+B: A;+ B — A+ B); d Jeon-#
W, LA o THEOM F ¥ B eoWwC F(—+ B) 3ETH5.



FERR. U(a; + B) = Ua; x idyp T, (Ua;) 3 jointly surjective 725 (Ua; xid) % 5. F(— + B) OEFMHFIET A O
WE% A+ B OWHEICE > T F OEFEFZHRX X0, O

EHE 3.4. (1) (€,®, N{x}) I&XFF monoidal closed BT, WHES hom IIHIED [F,G] Z2DdD (EIZ23). a ld
9 monoidal, & IXEEETHRER.
(2) N: (Games,+) — (£,®) &5 monoidal : N(X) & N(Y) & N(X +Y). Ry —oTEELTHARE:
N(A)x N(B) = N(A + B).
(3) (X,R)& (Y,S) & N(X +Y) @, N(R+Y) ¥ N(X +S) OBRIERT 5 FUEMERIC X 5 7.

FERA. (1) Day O MUEIE (Day, A reflection theorem for closed categories, JPAA 2, 1972) : X# monoidal closed
B o ) Feimh 77 € C [Games;h, Set] 23, KME 417z tensor a(—* —) T monoidal closed 1274223 <= F €&,

{EED P 12oWT [P F) € £. %EWR [P,F] = [, F(— + B)"® »EOMIR (end) TH5HZ &, B XOHE 3.3 76

5. RERMEANY —o G (G, -] 2. (2) RILATEEBIF D Day convolution 1 y(A) xy(B) = y(A+ B) CKH
ERTY FDEH). Jeon (& subcanonical ([*ﬁﬁ] ER 2.3) DT N(A) = y(A) 38T, N(A)xN(B) = N(A+B).
RS — o X =, Ai AR S — 2 filtered &) 1IZOWTE X +Y = U, ;(4i + B;) (A; x B; & Conway succ
TR, N 7 filtered RIBRZ RS ((AT)), & BHEERTRERLDT N(X) ®&N(Y)=colimN(4;)®N(Bj) =
colimN(4; + Bj) = N(X +Y). (3) (X,R) = coeq(N(R) = N(X)) L EEKORERMEH, S, (X,R)® (V,5) X
N(X+Y)%Z, NR)ONY)=NR+Y) BEUE NX +S) O-ARKOHDGETEI -7z (€ 1& exact RO THERT
% [FMERIFRIC X 2 ). O

& 3.5. kobin sjfq7e Games ® Conway fliZ Day convolution DKM X +Y =2 L(NX «NY)] O#t % : £ Tl&
KML7ZLIE NXSNY =N(X+Y)HBEDIE, Lhrd ¢k Games DHADMNER (X, R) ITbEFEENS. Map
D 2-FFHTHEL RV (@ 2.1) KD DI, site @ monoidal E TS L7-.

4 & - nominal £8 £ DEIERYEELL

7 (Joyal 1981) nominal #% (Schanuel topos) £
site FinBij, U FinInj°P, atomic fiifH, U Gamesg,, Jeoh, +
tensor Cauchy ## F - G (Day) separated f F x G (Day OJE{t) F & G (Day OJE{t)
HRERE ly(1),—-]=F(—+1)=F' [y(1), -] (atom %k BIR) [ NStari, —] = F(— + Stary)
Leibniz (F-G)Y =F' G+ FG (RI) atom-shift ® Leibniz fEw (F)
Games fllofg A UX xUY — succ(z,y) = succex{y} U {z}x succy

ZFHwInd GRNROBOSME U (+) 1IZiRS Day convolution %, fMAHTHELLZdD) THD, £ 1xZ0HE
W 47— L THAED coherent & W ngﬂf“iféé. Games @ Conway D Leibniz J& (L2384 - 2450) 1%, site @ + 2%
MEDH I Leibniz BID succ] TH 5 Z & DML

vy 4.1 (Leibniz All). D := [NStary, —], DF(A) = F(A+ Star)) Z2WT D(FeG) 2 DF G U F& DG »
BOAoh. BT T2DIE FinBij TA+1— B+C » 1 offeTc0&N 3] »5 T, Gamesg, Tl
A+ Star; = B+C ODBRODREEET 2 (+ 2 lex TROVWOTHATHRY, @MiE 2.1). Rota - Baxter BLDEE{% (L2400
58 & & TEIENMLT 205 AKEF. Loregian — Trimble (Differential 2-rigs, arXiv:2103.00938) @ differential
2rig DHT, (€, @, D) BAEE ST 1 E DD 3 DHRO—F.

5 XAV

(a) ex/reg it Menni HIE CEH 1.3 O E, NIERIZEM).

(b) Realizability @5 DAY (Carboni 1995, Robinson — Rosolini 1990).

(c) Leibniz Bl (RofW) &, £ @ differential 2-rig #i.

(d) Games Dftid monoidal fi& (selective / conjunctive sum, (L2871)) HFEICHERET £ 1D 2 (U 29 strict
monoidal 72 & #ERF X Ciwik). AE hom @ Games WTOFLIRIERIHD & ¥ (L2465 - 2495), £ Tl
[NX,NY|(A) = [, Set(Games(B,X),Games(A + B,Y)) LBI/RTEZ3DT, IHndt N OFICAZHT



Games DHNES hom 3§ 5.
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