MEIEH 1~4 OFEH (2026-09-26)

topos-sheaves-exact-completion-2026-09-26.md §3 DMEIEE 1~4 % i T %, #ii | Games & regular
0 (EERR) extensive T. &3 F X T kernel pair @ coequalizer. coherent fitH Jeon (& Gamesg, ED
subcanonical 72 Grothendieck fi7fH., L% L Games & exact T/ <. Gamesg, |& pro-exact TR, FCIRIEH]T
ZoDXEXHEL ((Ln) & main.tex D7),

0. ESFRLEE

o (F1) game IR path % & 77220 Pr BB (X, suce)o & f: X — Y & suce(fz) = flsuccr] Ziiz 3
Hig (L1444),

o (F2) U : Games — Set 3fRFHIT/NRIBIRZ A5 (L2734 - 2742], HFEFE H_y (cofree game) % b D
(12888, 1.2945), &> T U WBHRMRZHRE, AME KIS 2, Hy ~NOHF label BB UX — A &—xf—
(L2945,

o (F3) mono = Hifif = #5357 — o (FARAMIDES) (L2998), &7 — 05| FRLIGHEE (L2962), L7
BoT. 8 f: 7Y BHHr—n SCY #BMFT5 o (2) CS.

o (F4) Games 3520 - 2520 (L2856, 1L2734) T. (Epi, Mono) 4% -5 (L3071,

o (F5) M X xY & (X x Y)-labelled HF #£& (S, (z,y)) ® 55 enumerative 2b D (S DILHFRT
enumerative T, S DILD X-label 2K succx. Y-label £K23 succy 1I—8) DT Hyxxy DD T —
2 (L3335 - 3352, revmemo M@ Definition ¥ Proposition), 1% p1, p2 & label D57,

o ®& h(z) =sup{h(z’)+1:2" €succz}, BRDIEL well-founded 2% h(z) FBERT. |z (x DEKRT
2577 — ) 1FAR (L2769),

i 0.1 BEEEEMRD)e [ X =Y BFEES h(fz) = h(z)o #EH. h(z) IZDOWVWTDRMNE, h(fz) =
sup{h(y') +1:y" € succ(fx)} = sup{h(fz’) +1: 2’ € succa} =sup{h(z’) +1: 2’ € succz} = h(z), O

W 0.2 (epi = 24, Games Dt f: X = Y IZOWT, f 2 epi & Uf A3, B, < 13 U 2EEED
b = f=moe & (Epi, Mono) 73f#L. S= f(X)CY Z#nr—2or55% (F3)s S#Y 7256, pushout
YUsY GR%EM) 2EZ2 %, U ERBEZEIZ DT, ZOBEEIFZESD pushout T, ZODAFNI Y\ S ok
THERZ?Z, ZODOAFE f e EXT R —HTEDT f & epi TRV, O

i 0.3 (AR — 203 ER). XY 2ARZS X x Y 13ER, G, (F5) @ enumerative 7t (S, (z,y))
DiE &, WA T h(z) CFELW (FO X-label 21828 succz)e o T X x Y DILDOE S maxh(X) XU
Fo HRES X x Y T label SNAEE n LUFO HF EAEERM (H2 013 |X x V| i, &2 n+1 LR
| X x V|- 2 n MFOBE) [FLR), O R, AR —24® pullback ¥ equalizer [3HR FEDED S — 170 5),
X 5T Gamesg, FERIEZEMBZ S0, KR (FXRTDH HF EEDF — 1) 1FHERLDT Gamesg, SIS F
N3 BRMEREAZ SO WS FRTIERWV, lfp O—lEw» S GRAMED $ O,



1. I8H 1 : U |& weak pullback Z{®D

EHl 1, f: X = Z,9:Y — Z % Games OFf, (P, p1,p2) %D pullback, S = {(z,y) € UX x UY : fz = gy}
ZHEED pullback ¥ F 5, HBER e = (Upy,Upy) : UP — S & split epi TH 3, FHZ UP 1F Set 1B 3
f,g @ weak pullback TH D, U 1% weak pullback % g2,

FEPH. S 1 Py RIREMEEE o(z,y) = {(2/,y') € succx x succy : fo' = gy'} TAND. o(x,y) FHRK,
(S,0) & well-founded : S @ path (zg,y0) — (z1,11) = - BE—RWIPE L 2L X O path TR2DTH
e L7doT (S,0) 1F game, P m : S = X DPTH2 2 I mlo(x,y)] C succe 1FBHS 2, HIZ
' € succx ZrBHY fr' € flsuccx] = suce(fz) = succ(gy) = g[succy] LD T, ¢y € succy T gy = fa
ERB2HOBDHH. (2,y) € o(z,y)o T b fr1 = g & S DEEDPSHYILDODT, (5,m,72) &
Games 2B 28TH D, pullback DEEBEISH u: S - P Tpu=m ERZ2BDONP—BIIHD, ZDk
% cou = (pru,pou) = (my,m) =idgo &= 7T e & split epis weak pullback DIRTE : (A, a1, as) A3 Games &
BIF 3 f,g D weak pullback %5, P E#RDTv:P - A Tav=p RZ2DOPHH, A DLLKER
ea:UA = S iEegolUv =e Zifi/zTDTEE, Set TlE, #2¥ weak pullback < MR D LI E RS 25T 72
DT, UA X weak pullback, O

. Coalg(Py) ® pullback Z#EH 3 2 HEZ7R o7, (W] Prop 5.4.1 OFEH L [A UK T, well-founded £
DS IWBIRT 2 R EMA T

2. I8H 2 : 283 effective epi. Games I regular. J.o, I& subcanonical

EH 2.1, Games D24 q: X — YV &, Z®D kernel pair (P, p1,p2) D coequalizer TH 5,

FEH, K = {(z,2') : qz = qz'} ZEED kernel pair. ki,ky ZZDHF., e: UP - K ZEH 1 OHLIRER
Y52 (&4, Set TIEEE Uqg 1 ki, ks @ coequalizer TH 3, e BWEF DT, FEDEMHR h: UX - W
IZ2DWT hky = hky < hkie = hkse <& hoUpy = hoUpso &2 T Uq & Upy,Upy @ coequalizer T H 5,
Games T c: X — C % p1,ps D coequalizer £ L GRIEM). ¢ =moc &R T %, U ERMEZIRODT Uc
& Upy,Ups D coequalizer TH O, L7do>T Um EFEE, U IXFERZ2 KT 2DT m IXERT, ¢ & p1,p2

@D coequalizer, [
EH 2.2, 25D pullback 1Z 24T TH B, L7zh o> T Games & regular category T. regular epi = epi = &5/,

AH. q: X =Y B4 f: Z =Y BEEDOH. (P,p1,p2) % q, f @ pullback £ 3%, z€ Z L., gz = fz
thdrzeX kbl (x,2) IZHRED pullback DITHRDT, EFH 1T pe P Tpp=2 2R52DDIH
b, £oT po 325, EH 2.1 20 52HH& regular epi. regular epi t% epi. epi [¥248F (& 0.2) RO T=#&
E—H L. regular epi & pullback TZE, BMRMR L kernel pair @ coequalizer 1% (F4) »5d %, O

EF, Gamess, LD coherent it Jeon % ARMEOHDWE (a; : A; — A)icr T jointly surjective 72 % D
(Uai(4;) = A) EHT 3 sieve 2 oAEME N2 Grothendieck fifHE 35,

EH 2.3, (1) jointly surjective G REIE pullback TZE L. Jeon 1& Grothendieck fitHTH %, (2) EED
game X (ARRTHRLTIW) 22V T, #iE N(X) = Games(—, X)|gamess, & Jeon BTH B0 FHIT Jeon &

subcanonical,

FEBH, (1)(a;) % jointly surjective, f: B — A ZHfe L. B; = B x4 A; (i 0.3 DR 5HR) 2L 3,
be Bk, fb—am £%3 i % ukedy (ub) ZEAD pulback DIEADOT, M 11ckD B, ®



JET B NOHFEN b ITHhZ2DODBH 3, Lo T (B; — B) I jointly surjective, pullback TZEEX covering
family AT % sieve & Grothendieck fifHZ 4K 3% (Johnstone, *Elephant®, C2.1), (2)(a; : A; — A)
% jointly surjective BRI, (¢; : A; — X) % matching family £33, $2b5. EEDHR game B &
b:B— A : B— A; Taib=ab £%2bDITDVT g;ib=g;b/e —EM : (a;) 1& jointly epi RO THHS
Mo TFE a=la;] : UA; - AWF2S. x € AL, qiu=2 723 i,u FAT g(x) = gi(u) EED %,
well-defined TH2 Z ¥ @ au = aju’ &3 %, a D kernel pair & (K, ki, ko) 358, EH1IZED we K
T hw=ukw=u £%25b008H%, B=|lw (AR) L3528, ki(B) =l uC A\ ko(B) =l v C A4
(RHOBEHD 7 — 2BOTFAM. b=ki|s: B — Al = kalp : B — A; 1 aib = o, 2725 DT,
matching &5 5 g;b = g;b'c w TIHHBL T giu=gju/sc HTHZZL :G=g]:UA - X 3HTG=goa
(Bfgre LT x = a(v) IZDWT succ(gr) = suce(Gv) = Gsuccv] = glalsuccv]] = glsucc(av)] = g[succ z],
Y ET g 3—EBRHT ga; = gio O

o FEHIE A AR THRL TH@EZLZ DT, N(X) IZKZ W site (Games, Joon) ETHETH 5,

3. I8H 3 : Games & extensive

FEH 3, Games X infinitary extensive TH 53, TR OH, [EEDE (X;)icr WCOWVWTHRME UX; DIEEL. EE
DR (FEPHRBEOAS X; — UX;. LB Z, = Z, WO f, 1 Z, = X; & f 1 Z — UXy) &2
WT, IXNTOMAD pullback & FEBRME, KR disjoint *2 universal (Carboni — Lack — Walters,
"Introduction to extensive and distributive categories”, JPAA 84(1993), Prop 2.2 OFHEOF),

AL, REEE U 23815 0T, 8% E13 disjoint union, succ 3ZZDF %, & X; 3 UX; oD —2o (K7
) TH B, = &P pullback 5 (F3) 12D Z; = f-1(X,) @55 —2)0 Z = U f~ (X)) 35BS
L C disjoint union T, & f~1(X;) & FAMA (z € f71X;),2 = 2 5 f2' € suce(fz) C X))o L7zhoT
canonical 28f L; Z; — Z (U DRIZ RFEH©) BREHZHTH D, Pr RO 2HEGHERIIFR 0T, |
BHIRME, < @ EBDRERS Z =UZ; 13%84E 2 LT disjoint union T f(Z;) C X0 X; Z2BIEHWICERDT
FUXy) = Zio W7 — D5 ER LIS (F3) RO THIUMAE pullback, disjoint ¥ @ AFHZHST (mono)
Ty Xi xux, Xp = X; N Xp = 2(i £ k) $Hft%, O

4. I8H 4 : Games IF exact THLY

Stare = {r,a,b}. succr = {a,b}. succa = succb = J, o : Stars — Stary % a,b DANKZ T2 (HCH
), Stary = {r',t}. succr’ = {t}o q: Stary — Star; Z r—r' a, b=t £33 H),

/8 4.1 (Stary x Stary @ 11 JB), (F5) 12L& b Stary x Stary OITCIFRTRL Eh b,

o EX 0T ((2,y)) = (2, (2,9))s z,y € {a,b}o 4,

o W& 1:(T,(r,r))s T1F 4 HDKIHTTOETEE T, X-label 224k ¥ Y-label DL HIT {a,b} 1T725 D
Do T CKEX 223200, 354 H, 45 1 i),

o label 2% (r,a), (a,r) FOTTIFR W (FO X-label 2{£2% {a,b} 5D Y-label 2fk2% & IXMIZ LR,

i D= ({{(a,a)), (b, 0))}, (r,r)) & C:= ({{(a,)),((b,a))}, (r;7)) IMHRLZTLTDH B0

i 4.2, A = (1,1),T' = (1,0) : Stary — Stary x Stary &, A(a) = ((a,a)),A(b) = {(b,b)), A(r) = D,



I'(a) = {(a,b)),T(b) = ((b,a)),T(r) = C TER BN,
R := A(Stary) UT(Stars)
= {{(a,a)), ((b;0)), ((a, b)), {(b,a)), D,C}
(6 70) WZHD Y — LTy 11 =pilp.r2 = polp £F B Y (ri,72) : R — Stary x Stary (ZNEFMEREHETS 5,

FERA, AT DOFER @ Hxxy DT label B TIRE 2 (F2)o A O label BEifRiE x — (z,2) T. fHLOEMHF
FTHDHET label Er@%%“)@f 52, T btk RIE=oDHB (Es —2s) OFT, FAHESGOMZ
THBAZRDTE D7 — 4 (F3)o REGHE : A E R ZRH T %5, MFME 7 = (p2, p1) & label % (z,vy) — (y, )
% H OB T, label Z hereditarily ARV X 25/ —T %, 7(D) = D,7(C) = C,7((z,y)) = ((y,x)) 7
DT T(R) CRTHDH, To(r,re) & R EZREHT S (F3), HBH 1 Q = R Xstar, R % 12 : R — Stary &

: R — Stary ® pullback w1, T2 BEDFF, t = (rimy,rems) : Q — Stary x Stary £33, t(Q) C R /R
Jd‘biJZL\ (F3)o weQ 3, EH 1 OHERERIZED (mw,mw) € R X R DD romw = rmw, ¢ 13572
DT, t(w) & label (rimw,romow) % b5 FOEAEIZ tfsuccw|, & 0.1 25 h(w) = h(mw) <1, h(w) =0
728 t(w) 13 label 75 {a,b}? ORITET, RICET 5. h(w) =1 %5 muw,mw € {D,C} T Hw) ® label 1
(r,r)e T w' € succw & (mw', mew’) € suce(mw) X succ(mw) &, MY [miw’ D label D 2 flF = mow’
@ label D 1 K571 2z L. t(w') @ label & (mw O 1 K7, mow’ O 2 K7, JAETIT !

¢+ (mw,mw) = (D, D)t muw' =muw' € {((a,a)),((b,0))}o t(w') € {({(a;a)), ((b,0))}
« (D,0): ({(a,a)), ((a,0))) T (((0,0)),((b,a)))o t(w') € {{(a, b)), ((b,a))}
+ (G, D) ({(a,0)),((b,0))) T2 (((b,0)), ((a;a)))o t(w') € {((a,D)), ((b,a))}o
« (C.0) 1 (((a,0)),((b,a))) F72i& (((b,a)), ((a,)))e t(w') € {((a,a)),{(b,))}

t(w) IFEDILR DT, ZDFD X-label 2K1% sucer = {a,b}o L7z > TFDOEEEE x5 & {{(a,a)), (b))}
$71% {((a,b), ((b,a))} THD. t(w) € {D,C} C R, O

fi#ife 4.3, 71,79 : R = Stary @ coequalizer I& g : Starg — Star; TH 3, —7F g D kernel pair & Stary x Stars
2k (11 58) TH 3,

FERH, Set T r1,72 @ coequalizer (&, {(riu,mou) : u € R} = {(a,a), (b,b), (a,b), (b,a), (r,r)} AT % FIH
BIfRIC & 21 {[r],[a]} T. U ERMEZEIZ DT Games @ coequalizer 1 Z DRI [r] — [a] & A7z game.
FbHb Star; ¥ ¢o kernel pair 1% ¢p1, gps : Starg x Stars = Star; @ equalizer, Stars x Starg 2>5 Star; /\
DHBF—ETHS WHEOLIKIDES 0 DITd t N\, &S 1 DILE ' NFEB Lk, ZHEIHTHD), £o
T gp1 = qpz T. kernel pair I& Stary x Star, 2K, O

EH 4, Games 1 regular 722 exact TRV, L7245 T Gamesg, (& pro-exact T,

AEEH, regular XEHE 2.2, R IIHEFMERR (i 4.2) T. Z® coequalizer ¢ @ kernel pair 1 R X h EHIZK
=W (8 4.3, 6 7t 11 70) £ o T R X effective T { . Games 1% exact T#V, Games ~ Ind(Gamesg,,)
(L2848) T Gamesg, (X HRRMIR % b D/NEZ DT, Carboni - Pedicchio — Rosicky Thm 19 (Di Liberti —
Ramos Gonzalez Lemma 3.16 : C' %3 pro-exact < Ind(C) %% exact) OXHED & Gamesg, 1 pro-exact TR,
O

¥, topos-status-2026-09-26.md §4(b) ® TAUT, & 5 701 DT, IELE 67T (D & CEtHRERZ ),
A X EFETIE L 720



5. V@

o (W) Cor 5.5.7 DFFHHA Games ICHEL THHED S 5, regular CEHE 2.2). disjoint T universal 72 5RFH
GEFE 3). HFR (fp) 13Hi- 72, 2 DiE Map(Games) 2V/NREEE D Z & @ Freyd - Scedrov #7r (1%
HIHH 5),

o Jeon 7 subcanonical CGEH 2.3) DT, N : Games — Sh(Gamesg,, Jeon) XTI EAET, ¥4 A
(Map(Games) ~ Sh(Gamesgy, Jeon)) DEAEDEE STz,

o Games 7% topos THRWEEIX TMEIMED KA 1CRE XNz Giraud ODRED S5, ZO—D27II0%EL %
(Giraud @ik Di Liberti - Ramos Gonzalez Thm 3.2),



